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The induction equation
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• kinetic ‘MHD’ models: induction equation in multi-D MHD + ∇ · B = 0

⇒ prescribed velocity field, no back-reaction of B on flow

⇒ Weiss (1966!) numerical simulations with resistivity

⇒ expulsion of magnetic flux by eddies

• resistive MHD: Petschek reconnection

• full 2D magnetoconvection simulations (Hurlburt & Toomre 1988)
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Weiss kinetic simulations
• kinematic modeling: velocity field v time-invariant

⇒ set v = [sin(2πx) sin(2πy − π/2), sin(2πx + π/2) sin(2πy)]

⇒ 2D incompressible flow ∇ · v = 0

⇒ models 4 convection cells on unit square [0, 1]2

• magnetic field evolution from induction equation

⇒ assume B2/2 � ρv2/2: insignificant magnetic energy

⇒ no back-reaction on flow (ignore Lorentz force)

• consider medium with constant resistivity η

⇒ induction equation given by
∂B

∂t
= ∇× (v × B ) + η∇2B

⇒ 2D case: can solve for z-component of vector potential

B =

(

∂A

∂y
,−

∂A

∂x
, 0

)
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• solve numerically induction equation in 2D, keeping ∇ · B = 0

⇒ consider cases η = 0.1, η = 0.01, η = 0.001

⇒ from resistive towards ideal MHD case

⇒ η = 0: frozen in limit (numerically: only numerical diffusion)

• perform 302 simulations, initial B = (0, 1)

⇒ evolution of magnetic energy: 3 phases

⇒ field amplification, resistive diffusion, steady state

⇒ turnover: convective term comparable to resistivity
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• steady-state configuration:

⇒ magnetic flux expelled from centre of eddies as η → 0

⇒ flux concentrates at edges of convective cells

⇒ will return in full 2D MHD magnetoconvection models
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Resistive MHD
• spatio-temporal resistivity profile η(x, t) introduces

⇒ Ohmic heating term in energy equation Se = ∇ · (B × ηJ )

⇒ diffusion term in induction equation SB = −∇× (ηJ )

⇒ uniform resistivity: η
(

J2 + B · ∇2B
)

and η∇2B

• ideal (η = 0) versus resistive MHD

⇒ topological constraint on B alleviated

⇒ field lines can reconnect in regions of strong currents
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Petschek reconnection

• Petschek model (1964) for fast magnetic field annihilation

⇒ two plasma regions containing oppositely directed field lines

⇒ realize steady-state with X-type magnetic neutral point

⇒ stationary slow shocks where B bends towards shock front normal

• at X-point: flow controlled by diffusion

• within region bounded by slow shocks: purely Bx, ‘constant’ ρ

⇒ shock front half-width δ(y) = ρe
ρi

vx,e

VA,e
| y | (external/internal)

⇒ shock fronts have constant opening angle (away from neutral point)

⇒ fluid moves to boundary layer and is ejected along it

-Instituut voor Plasmafysica Rijnhuizen



CapSel MHD - 07

• stationary configuration
δ2

y

x

⇒ use symmetry to simulate corner region [0, 1] × [0, 4] only
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• solve resistive MHD equations incorporating resistivity profile

η(x, y) = η0 exp
[

−(x/lx)
2 − (y/ly)

2
]

⇒ anomalous η centered on origin η0 = 0.0001, lx = 0.05, ly = 0.1

• initial field configuration B = (0, tanh(x/L))

⇒ initial current sheet width L = 0.1

⇒ γ = 5/3, p(x) = 1.25 − B2
y(x)/2 and ρ(x) = 2p(x)/β1

⇒ isothermal initial condition with β1 = β(x = 1) = 1.5

• fix Alfvén Mach number of inflow at x = 1: vx(x = 1) = −0.04

⇒ evolves self-consistently to Petschek reconnection configuration
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• field lines, velocity field, current density evolution

⇒ checks with theoretical opening angle in steady-state!
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Magnetoconvection

• full 2D compressible MHD simulations mimicking magneto-convection

⇒ Hurlburt & Toomre (1988) numerical MHD simulations

⇒ including external gravity, viscosity, resistivity, thermal conduction

⇒ periodic sides, impenetrable (to flow) top/bottom boundaries

⇒ vertical B field at top/bottom

⇒ fix top temperature and impose bottom temperature gradient

• convectively unstable stratified, uniformly magnetized layer

⇒ convective rolls develop

⇒ sweep initially uniform vertical field into concentrated flux sheets

⇒ studied different configurations of varying B strength at t = 0

⇒ transition kinematic to dynamical regime, steady to oscillatory sln.
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• t = 0 stratification: polytropic relation, linear temperature profile

⇒ on domain of aspect ratio A: cartesian box [0, A] × [0, 1]

⇒ linear temperatue T = Ttop + 1 − y, fix Ttop

⇒ density-pressure polytropic with index m, hence profile

ρ(y) = (Ttop + 1 − y)m/Tm
top

• include gravity g = −(m + 1)êy and uniform, vertical B

• gravitational and non-ideal ‘source terms’ are

Sρv = −∇ ·
(

νΠ̂
)

+ρg

Se = −∇ ·
(

v · νΠ̂
)

+ρg · v

+∇ · (B × ηJ ) +∇ · (κ∇T )
SB = −∇× (ηJ )

⇒ viscous terms: traceless part of the total kinetic pressure dyadic

Π̂ = −
(

∇v + ∇vT
)

+
2

3
Î (∇ · v)
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• example calculation in ‘kinematic’ regime (but full 2D MHD!)

⇒ field lines, velocity vectors and magnetic pressure
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